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EXPLICIT FORMULAS FOR KOROBOV POLYNOMIALS

DMITRY V. KRUCHININ

ABSTRACT. In this paper we {ind some explicit and recurrence formulas
for the Korobov polynomials and numbers. Also, author gives another
explicit formulas for the degenerate Bernoulli polynomials and numbers.
New recursion formulas and identities for these polynomials are also
obtained.
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1. INTRODUCTION

Research in the field of obtaining explicit formulas for polynomials have
received much attention by Srivastava [1, 2], Boyadzhiev [3], Cenkci [4], and
Kruchinin [5, 6, 7].

The main goal of this study is to obtain several explicit formulas and
identities for the Korobov polynomials and numbers.

Korobov [8] introduced special numbers P, and polynomials P, (z) that
are degenerate analogues of the Bernoulli numbers and polynomials, respec-
tively. Ustinov [9] considered these polynomials as K, (z) = n!P,(z) and
called them the Korobov polynomials of the first kind. In [10], Ustinov re-
discovered the degenerate Bernoulli polynomials (see [11]) and called them
the Korobov polynomials of the second kind.

The study is conducted using the method based on generating functions
and the notion of the composita.

In the papers [12, 13] authors introduced the notion of the composita of
a given ordinary generating function F'(t) =" f(n)t".

Suppose F(t) = >, .o f(n)t" is the generating function, in which there
is no free term f(0) = 0. From this generating function we can write the
following condition

(1) [FO)F =Y F(n, k)t".

n>0

The expression F(n, k) is the composita and it is denoted by F*(n, k).
The composita is useful for obtaining coefficients for every difficult gen-
erating function.

This work was partially supported by the Ministry of Education and Science of Russia,
Government Order no. 3657 (TUSUR).
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2. EXPLICIT FORMULAS FOR DEGENERATE BERNOULLI POLYNOMIALS
AND NUMBERS

Carlitz [11, 14] defined the degenerate Bernoulli polynomials 3, (), z) and
numbers 3, () by the following generating functions, respectively:
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The first few polynomials and numbers are
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If (14 )\t)% — et as A — 0, then we get the Bernoulli polynomials

(4) = B

n=0

Howard [15] found the explicit formula for the degenerate Bernoulli num-
bers
[n/2] n .
Bn(N) = mlb, A™ + le Q—jBst(n —1,2j — DAY,
where m > 2, b, is the Bernoulli number of the second kind, By; is the
Bernoulli number, and s(n,r) is the Stirling number of the first kind.

He also proved some recursion formulas for the degenerate Bernoulli num-
bers (see Theorem 4.1; and formula 4.7 in [15]).

Reader can find other interesting properties and identities of the degen-
erate Bernoulli numbers related to p-adic invariant integral on Z, in the
following papers [16, 17, 18, 19].

Firstly, using a notion of the composita, we find an explicit formula for
the degenerate Bernoulli numbers.

t

For that we represent the generating function ﬁ— as the following
1A X -1
composition of two generating functions

G)=—— and  A(t)=

(At+1)x —1 _11
t
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Let us find a composita for the generating function A(t). Since

[(At+ 1) —1]F ZZ( > (—1)F7 (i))\"t”,

n>0 j=0

1 k
the coefficients of [%] are defined by

k

T(n,k)=>_ (f) (—1)kd < —ji—k> Atk

J=0
Then the composita of the generating function A(t) is

k

AB(n, k) = ;(—1)’“_77 (’;) T(n,i)
con-50EC) 0 ()

Below we present the first few terms of the composita A% (n, k) in triangular
form (the first term is A(1,1)):
p—1
2

2p2 —3p+1 p>—2p+1
6 ’ 4

C6pP—11pP+6p—1 2p° —5p*+4p-1 p*-3p°+3p-1
24 ’ 6 ’ 8
Using the formula for coefficients of composition of generating functions
from [12], we obtain an expression for the coefficients of the composition

G(A() = > o Cnt”

1, n =0;
") Eatmment= 55 () 50 ) (L nso

Then the explicit formula for the degenerate Bernoulli numbers is equal
to

J
(5) 5 =33 ( ) Z (j) (1) (n X ) AT,
k=1 1=0
where n > 0.
Therefore, we get the explicit formula for the degenerate Bernoulli poly-
nomials
n

) = > (3

O
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or

(7) Bn(A, x) = Z (;)ﬁn—m(A)Zs(m,l)xl)\m‘l,

m=0 1=0

where s(m, 1) is the Stirling number of the first kind.
Next we obtain an identity that based on a compositional inverse gener-
ating function R(t) of the generating function for (3).

Definition 2.1. A compositional inverse R(t) of generating function A(t)
such that A(t) =3, . ant™ and a3 # 0, is a power series such that satisfies
the following condition

(8) A(R(t)) = t.
For obtaining a composita of R(t), we use the following algorithm [13, 20]:

(1) calculate the composita A%(n, k) of the reciprocal generating func-
tion of (3);

(2) calculate the composita of the compositional inverse generating func-
tion R(t) by the following way

k
RA(n, k) = —AX(2n — k,n);
n
By the reciprocal generating function we mean the following [21]:

Definition 2.2. A reciprocal generating function C(t) = >, 5, cnt” of a
generating function B(t) = 3,5, bnt", is a power series such that satisfies
the following condition

9) C(t)B(t) = 1.
Since the reciprocal generating function of (3) is

(At +1)x — 1

t )

the composita A% (n, k) is equal to
A S (k =i (%)
A% (n, k) :Z <J> (—1)Fd <:L>)\ .
7=0
Next we obtain the composita of compositional inverse generating function
ke (1 ; 1
R%(n, k) = EJZ::O <]> (- <2nA_k>A2” k.

Therefore, according to (8) and the formula for coefficients of composition
of generating functions [12] we get the following identity for n > 1

i S RAES o (1), -0

7=0

If we cons1der the following summation
¢ t (At+1)%

+t= 1
(At+1)x —1 (At+1)x —1

>
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then we get the following formulas for the degenerate Bernoulli numbers

=3 a0, * )
or
1
Zﬂl ( )\z>)\n "=0,

where n > 0.
Therefore, we obtain the recursion formula

n—1
(11) Bn(A) = =D _Bi() ; A,
; (n — i+ 1)

where n > 0.

>

3. EXPLICIT FORMULAS FOR KOROBOV POLYNOMIALS AND NUMBERS

For a fixed real number p the Korobov polynomials and numbers are
defined by the following generating functions, respectively [8, 10]:

(12 Fin,t) = LD LS e
(13) Filt) = T =3 s 0o

Young [22] studied the Korobov polynomlals as the reciprocal polynomials
of the degenerate Bernoulli polynomials and found some useful identities and
recurrence relations.

The degenerate Bernoulli polynomials and the Korobov polynomials are
related by the following way:

Brn(A,z) = N'Kn(1/Az/X),  Kn(p,x) =p"Bn(l/p,x/p).
The first few polynomials and numbers are
2

6 )

-1
Ko(p,2) = 1, Ki(p.2) = ¢ = P Ka(p,v) = a® — pr + -

1 21
K3(p7x):w3_3(p2+ )w2+p(p2+3)w_p —

-1 —1 2_1
Kolp) =1, Kip) = ~P5—, Kalp) ==, Kslp) = —E—.

Firstly, using a notion of the composita, we find an explicit formula for
the Korobov numbers.

For that we represent the generating function (lp—tp_l as the following

+t)
composition of two generating functions

G)= s ad  A(r)= [% _ 1]

1

1+ [(1+27P—1 - 1} ‘

G(A(1) =
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Let us find a composita for the generating function A(t). Since
PI\n
(L4t ZZ() (0
n>0 j=0

k
the coefficients of [%} are defined by

0350 o (24

Then the composita of the generating function A(t) is

Z( o () .

con-5() z (e (22)

or

=0 7=0
Below we present the first few terms of the composita A% (n, k) in triangular
form:
p—1
2
2 2
p°=3p+2 p°—2p+1
6 ’ 4
pd—6p? +1lp—6 p> —4p> +5p—2 p> —3p>+3p—1
24 ’ 6 ’ 8

For k = n we have the following identity

n ) . .
n\ _; ) (gD 1
a (N (G) o () =g
o\t o\ n—+i 2
Using the formula for coefficients of composition of generating functions
from [12], we obtain an expression for the coefficients of the composition

G(A(t) = 2 pzo ent™

1, n = 0;
=1 S Ak (D = 3 ()Y () (<1 (1), n>0.
k=1 k=1i=0 7=0

Then the explicit formula for the Korobov numbers is equal to

n o n A . .
B\ _; ( i [ JP
) e =n>S (N () e (7).
¢ ? ¢ i n-+1
k=1 1i=0 7=0
where n > 0.
Therefore, we get the explicit formula for the Korobov polynomials

n

(16) Ku(p,z) =) (n_L!m)gK"—m(p) (:1)

m=0
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or

n m
a7) Kolp) = 3 (1) Koenl) Y s,
where s(m, 1) is the Stirling number of the first kind.
Next we obtain an identity that based on a compositional inverse gener-
ating function R(t) of the generating function for (13).
The composita of compositional inverse generating function R(t) is equal

T e o ()

J=0

Therefore, according to (8) and the formula for coefficients of composition
of generating functions [12], we get the following identity for n > 1

~ k Kioi(p) v i [(n Jp
(18 * Kialp) _1n—ﬂ(,>< >=0.
) ;pn (k—l)!jz:%( ) i) \2n—k
If we consider the following summation
pt _pt(t+D)P
(t+1)P -1 (t+1)P -1

then we get the following formulas for the Korobov numbers

Ka(p) = ;0 k(")

pt

or

n—1 P
> xw(,” )=
i=0
where n > 1.

Therefore, we obtain the recursion formula

n—1
(19) Ko =23 50 (, 7 ):
i=0

where n > 1.
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